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Abstract 



JH I In this paper we prove a strong law of large numbers and its ^^-convergence counterpart 

^^ ■ for the process counted with a random characteristic in the context of self-similar fragmentation 

^H I processes. This result extends a somewhat analogical result by Nerman for general branching 

0> ' processes to fragmentation processes. In addition, we apply the general result of this paper to a 

T-H I specific example that in particular extends a limit theorem, concerning the fragmentation energy, 

i by Bertoin and Martinez from ^^-convergence to almost sure convergence. Our approach 

f^ \ treats fragmentation processes with an infinite dislocation measure directly, without using a 

^J i discretisation method. Moreover, we obtain a result regarding the asymptotic behaviour of the 

• ' empirical mean associated with some stopped fragmentation process. 

^'' 
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6nI ■ 1 Introduction 

<n: 

Tj" . In the present paper we introduce random characteristics associated with self-similar fragmentation 

(T^ \ processes. In the setting of general branching processes (also known as Crump-Mode-Jagers pro- 

^^ ■ cesses) random characteristics were considered for example in [Jag75], [NerSl], [Jag89] as well as 

^_j . [01o96] and recently by Vatutin [Vatll]. The motivation that led to this work is multifaceted and 

1" \ stems from the literature on general branching processes and fragmentation processes respectively. 

• i-H ' Let us dwell for a little while on outlining some related results in the literature which motivated 

K> ■ our considerations. In [NerSl] Nerman proved various limit results for general branching processes 

C^ \ counted with a random characteristic. There he managed to prove ^^-convergence (cf. [NerSl, 

Corollary 3.3]) as well as almost sure convergence (see [NerSl, Theorem 5.4] and [NerSl, Theo- 
rem 6.3]). By setting hirth time of a particle to be the negative logarithm of the size of a block one 
can interpret, for the topic of this paper, fragmentations with a finite dislocation measure as special 
cases of general branching processes. Indeed, this is possible, since the time-parameter of the frag- 
mentation process does not affect the results. Under suitable assumptions, which ensure that the 
conditions of Nerman's results are satisfied, one does then obtain respective results for fragmen- 
tation processes. This observation lies at the heart of [BM05, Theorem 1, Corollary 1]. However, 
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with regard to fragmentation processes an interesting question is whether such results can be ob- 
tained also in the general case if the dislocation measure is u-finite rather than finite. In [BM05] 
Bertoin and Martinez proved ^^-convergence (cf. [BM05, Theorem 2]) in the dissipative case, as 
well as ^^-convergence (see [BM05, Theorem 3]) in the conservative case, for some functional (cf. 
Section 4 of the present paper) that can be considered as a special case of a process counted with 
a random characteristic. Their method of proving their Theorem 2 is based on using Theorem 7.3 
of [Jag89], which extends Corollary 3.3 of [NerSl] to random characteristics endowed with a life 
career, and the aforementioned interpretation of fragmentations in the case of a finite dislocation 
measure as well as a discretisation method. The proof of Theorem 3 in [BM05] is based on moment 
calculations rather than using a discretisation technique. However, neither of the two methods can 
be reasonably modified to yield almost sure convergence. In Theorem 1 of [HKKIO] almost sure 
convergence of the process counted with the random characteristic considered in Corollaries 1 and 
2 of [BM05] is proven. The approach in [HKKIO] treats general dissipative fragmentation processes 
directly, without resorting to known results on general branching processes or fragmentations with 
a finite dislocation measure. This raises the question whether by means of such a direct approach 
the ^^-convergence of Theorem 2 in [BM05] can be proven to hold also almost surely and whether 
similar results hold for a reasonably large class of random characteristics in the spirit of [NerSl] . 
The present paper answers both of these questions affirmatively. 

The outline of this paper is as follows. In Section 2 we provide a concise introduction to the theory 
of fragmentation processes and the associated process stopped at a stopping line. Subsequently, 
in Section 3 we introduce random characteristics, as well as the process counted with them, and 
present our main result. In Section 4 we consider two applications of our strong law of large 
numbers. These examples are related to the discussion above and provide some motivation for the 
general result. In Section 5 we present the proof of our main result and Section 6 is devoted to 
proving a crucial ingredient of that proof. 

Throughout this paper we consider a probability space ($7, ^, P) on which the fragmentation process 
as well as all the other random objects are defined. 



2 Fragmentation processes 

In this section we provide a brief introduction to fragmentation processes and associated processes 
that are stopped at a stopping line. Moreover, we introduce two families of additive martingales. 

Let V be the space of partitions vr = (7r„)„gN of N, where the blocks of vr are ordered by their least 
element such that inf(7rj) < inf(7rj) if i < j, where inf(0) := oo. This paper is concerned with a V- 
valued fragmentation process H := (n(t))^gjg+, where n(t) = (n„(t))„gN. P-valued fragmentations 
are exchangeable Markov processes that were introduced in [BerOl] in the homogenous case and 
were extended to the self-similar setting in [Ber02]. For a comprehensive treatise on fragmentation 
processes we refer to the monograph [Ber06]. Let {'^t)tp^+ be the filtration generated by H. 

It is known from [Ber02] that the distribution of H is determined by some a G M (the index of self- 
similarity; a = corresponding to the homogenous case), a constant c € M^ (the rate of erosion) 
and a measure z/ (the so-called dislocation measure that determines the jumps of H) on the infinite 
simplex 

5 := < s := (s„)„eN : si > S2 . . . > 0, ^ s„ < 1 > , 

I n6N J 



such that z^({(l,0, . . .)}) = as well as 

/ (1 — si)i^(ds) < oo. 



IS 
Below we shall need the following constant 



p := inf < p G 



i-E 






n& 



u{ds) < oo^ G (-1,0] 



as well as the increasing and concave function $ : {p, oo) -^ M, given by 



$ 






for every (p, oo). The function <I> plays a crucial role in the theory of fragmentations, since it turns 
out to be the Laplace exponent of a killed subordinator defined via a fragmentation process. 

Throughout this paper we consider a self-similar fragmentation process 11 that satisfies 

c = 0, i^iS) = oo and u{s G 5 : S2 = 0) < oo (1) 

as well as the following hypothesis which is often referred to as Malthusian hypothesis. 

Hypothesis 1 There exists a p* G (p, 0] such that <^(p*) = 0. 

The constant p* is often called Malthusian parameter and if i' is finite this definition coincides with 
the definition of the Malthusian parameter in the context of general branching processes. 

The process IT is said to be conservative if i^C^^eN ■^n < 1) = 0, i.e. if there is no loss of mass by 
sudden dislocations, and dissipative otherwise. In this paper we allow for both of these cases. 

Most proofs of this paper shall be established under the assumption that 11 is homogenous, i.e. 
a = 0, since many important concepts in the theory of fragmentation processes only hold in the 
homogenous setting. That is to say, we will first prove our main result for the homogenous case 
and then extend it to the self-similar setting with a G M. The crucial point in this regard is that 
every self-similar fragmentation process is a time-changed homogenous fragmentation process (see 
Theorem 3 (i) of [Ber02]). In this spirit, for the remainder of this section we assume that a = 0. 

We shall need the exchangeable partition measure /i on "P given by 



Hidn) = / Qsid7r)i^{ds), 

where ^s is the law of Kingman's paint-box based on s G 5. In [BerOl] Bertoin showed that the 
homogenous fragmentation process 11 is characterised by a Poisson point process. More precisely, 
there exists aV x N-valued Poisson point process (vr(t), K(t))^gjg+ with characteristic measure fi^^, 

where ]\ denotes the counting measure on N, such that 11 changes state precisely at the times t G M^ 
for which an atom (vr(t), K{t)) occurs in {V\(N, 0, . . .)) xN. At such a time t G M.^ the sequence n(i) 
is obtained from n(t— ) by replacing its K{t)-th term, Ilf^nUt—) C N, with the restricted partition 
7r(t)|n ^(i-) and reordering the terms such that the resulting partition of N is an element of V. 
We denote the random jump times of 11, i.e. the times at which the abovementioned Poisson point 



process has an atom in {V \ (N, 0, . . .)) x N, by {ti)i^x, where the index set X C M+ is countably 
infinite. 



Moreover, by exchangeabihty, the hmits 



|n„(t)| := hm 



ti(n„(t)n{i,...,fc}) 
k 



referred to as asymptotic frequencies, exist P-a.s. simultaneously for all t G Mq and n G N. Let us 
point out that the concept of asymptotic frequencies provides us with a notion of size for the blocks 
of a "P-valued fragmentation process. In [BerOl] Bertoin showed that the process (— ln(|ni(t)|))^gjg+ 
is a killed subordinator with Laplace exponent $, a fact we shall make use of below. 

The main property of fragmentation processes is the (strong) fragmentation property, which is the 
analogue of the branching property of branching processes. Roughly speaking, this property says 
that given a configuration of the process at some (stopping) time, the further evolution of each 
block is governed by an independent copy of the original process. Moreover, the same holds true if 
we replace the stopping time by a stopping line, cf. Definition 3.4 and Lemma 3.14 both in [Ber06], 
in which case we refer to it as the extended fragmentation property. Speaking of stopping lines, 
let us now introduce stopped fragmentations which are obtained from a fragmentation process by 
stopping the evolution of a block once it has reached a given stopping line. Here we are interested 
in the stopping line that corresponds to the first blocks, in their respective "line of descent" , of size 
less than some given tj G (0, 1]. The process (Ar,)^g(o,i] consisting for each ry G (0, 1] of the sizes 
of the blocks at the terminal state of the fragmentation stopped at the stopping line associated 
with rj is then given by A,, := {Xr],k)kGM^ where \ri,k refers to the asymptotic frequency of the fc-th 
largest block at the terminal state of the stopped process. In addition, we denote by {J^r])r]&(o,i] 
the filtration generated by (A^)^g(o,i]- For an illustration of these concepts, see Figure 1. 
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(a) Illustration of H and the stopping line at rj. (b) Illustration of the stopped process. 

Figure 1: Illustration (a) depicts a realisation of a fragmentation process 11 (with finite dislocation 
measure) and the stopping line given by the first passage of the block sizes below some t] G (0, 1]. In 
(b) the fragmentation process which is stopped at this stopping line is illustrated. The black dots 
indicate the blocks in A,^, since their sizes are smaller than rj and they result from the dislocation 
of blocks with size greater than or equal to r/. 



In what follows we shall make use of two additive unit-mean martingales. Let p > p* he given by 
Lemma 1 in [Ber03]. The first martingale, M{p) := {Mt{p)) ^^■^+ , is given by 

fceN 

for every p € {p,p) and t € '^^ . Let us point out that M{p) is the analogue of Biggins' additive 
martingale for branching random walks (cf. [Big77]). These martingales appear frequently in the 
literature on branching processes and fragmentation processes (see e.g. [BM05] where it was used 
in a context related to the present paper). In the spirit of [NerSl] and [HKKIO] we shall need a 
second martingale which is defined in terms of (Ar,)^g(o,i] and turns out to be related to M{p*). 
More precisely, consider the process (A.;y(p*))^g(o,i] defined by 

fcgN 

for each r] € (0, 1] The martingale property of {^■q{'P*))ri£(o,i] ^^^ established in Lemma 1 of 
[HKKIO]. In particular, there it was shown that 

A^(p*)=E(Moo(p*)|^^) 

holds for all r/ G (0, 1], where Moo{p*) ■= limt_j.oo -^^i (p* ) • As we will see in the next section, the 
limit that appears in our main result turns out to be a deterministic constant times the almost sure 
martingale limit 

Ao(p*):=limA,(p*). (2) 

3 Main result 

Recall that the present paper is concerned with a self-similar fragmentation process 11 that satisfies 
(1) as well as Hypothesis 1. 

Throughout the present paper let {(P{x,tt))^^^+, tt e "P, be an M-valued stochastic processes, with 
<j){x,Tr) = (j){0,Tr) = P-a.s. for all x > 1, which has cadlag paths P-a.s. and is independent of H. 
In addition, assume that <j){-, (1,0, . . .)) = 0. In the context of this paper we refer to the random 
function (/) : W^ x "P x il — )■ M as random characteristic. 

Recall that if H is homogenous (i.e. a = 0), then it is determined by the Poisson point process 
(7r(i), K(t))^ JJJ+. If a 7^ 0, then we cannot resort to such a Poissonian structure of H. However, in 
the light of Theorem 3 (i) in [Ber02] we still have that every jump of a block of H is determined 
by an independent copy of '/r(l). Hence, we denote by ('/r(t, k))^^-g^+ ^^^j the "P-valued random field 

that determines the jumps of H such that at each jump time t G Mq" of some block Ili^(t—) this 
block fragments into the sequence {iTn(t, A;)|nj.(t-))nGN- If the block Ilk{t—) does not jump at time 
t, then7r(t,fc) = (1,0,...). 

In this work we are interested in the process (Z^)^g(o,i]5 often referred to as the process counted 
with the characteristic (p, given by 

zt ■■= E ^^'''^ (mrrb^' "^*' ^0 ^iin^(*-)i^oi 

(t,fc)erxN W k\ j\ J 



for every r] € (0, 1], where the c/)^^' ' are independent copies of (j) and where 

r := {t G M+ : U{t) / U{t-)} 

denotes the countably infinite set of jump times of 11. In the hght of the Poissonian structure of 11 
in the homogenous setting we have 



JGX 



for each 77 € (0, 1] if H is homogenous, where the (j)^^' are independent copies of </>. In order to avoid 
the indicator function l{|n„(t ^(ti-)|^o}) ^^ adopt the convention 

for all a G M^ and vr G P. 

The main goal of this paper is to prove an extension of [NerSl, Theorem 5.4] to fragmentation 
processes that in particular yields an extension of [BM05, Theorem 1] to almost sure convergence. 
As we shall show in Section 4, such an extension of [BM05, Theorem 1] follows from the general 
result the present paper is concerned with. Generally speaking, we aim at deriving some asymptotic 
properties of Z^ as r/ J, 0. More precisely, we prove that asymptotically, as r] I 0, Zf^ behaves like 
the product of its expectation and A^(p*). Indeed, the main result of this paper is strong law of 
large numbers. Denote by $' the derivative of $ and recall Xo{p*) given by (2). 

Theorem 1 Let (p be a random characteristic such that 

E I sup ?7(^+P*+'^)(^(?7,7r) I fi{dTr) < 00 and limsup / r/^+% ((^ (r/,7r)) ^(dvr) < 00 (3) 
V \7)G{0,1] / /yiO Jr 

hold for all f3 > and some p G {p,p*)- Then 

(j) (p, vr) dpfi{dTr) 1 dt 



* (P ) AoA) \t^ Jv J [0,1] 



¥-a.s. and in ifi(P) as 7] 10. 

We give the proof of Theorem 1 in Section 5. Of course, the statement of Theorem 1 remains true 
if we replace (3) by the stronger assumption 

E ( sup r]^+Pct){r],TT) ] //(dvr) < 00 (4) 

V \»?G{0,1] / 

for some p G {p,p*)- Recall that our goal was to extend [NerSl, Theorem 5.4] to fragmentation 
processes with an infinite dislocation measure. In this spirit, notice that (4) is in some sense a nat- 
ural analogue for fragmentations of Condition 5.2 in [NerSl] that appears in [NerSl, Theorem 5.4]. 
Admittedly, (4) is actually more restrictive than Nerman's Condition 5.2 as it requires the inte- 
grability with respect to //, but in contrast to general branching processes such a requirement is in 
general necessary for fragmentation processes. 

6 



A simple example of a random characteristic is 

(p{x,iT) := l{xe{a,b)}, 

where a,h (z (0, 1) with a < b. Then Z^ denotes the number of blocks in the fragmentation process 
whose size is a value in (v/b,v/a). Let us remark that for general branching processes the respective 
characteristic gives the number of particles born in the time interval (— ln(r7)+ln(a), — ln(?7)+ln(6)), 
which is a finite number. However, if the fragmentation process has an infinite dislocation measure, 
we have Z^ G {0, oo} P-a.s. for any a, 6 G (0, 1), so this particular characteristic is not of interest 
for us. In Section 4 we will present more complicated examples which fit the purpose of this paper. 
The crucial point when considering random characteristics for fragmentation processes with an 
infinite dislocation measure is that, in contrast to the situation of a finite dislocation measure, (p 
needs to depend on vr as we need to integrate it with respect to the dislocation measure. 

Before we immerse ourselves in the proof of Theorem 1, we first consider two applications of this 
result. 



4 Examples 

As a motivation for the main result of this paper let us now discuss two special random charac- 
teristics for which Theorem 1 is applicable. In the spirit of [BM05] this section is concerned with 
the energy that is needed to crush block in the mining industry, a theme that was taken up also in 
[FKMIO]. Moreover, we derive some asymptotic properties of the empirical mean associated with 
the stopped fragmentation process that we defined in Section 2. 

Recall that we consider a self-similar fragmentation process 11 satisfying (1) as well as Hypothesis 1. 

The main goal of this section is to prove almost sure convergence for the energy functional consid- 
ered in [BM05]. In that paper Bertoin and Martinez proved limit theorems for the energy, properly 
discounted, that is required to fragment blocks of unit size to fragments of size less than some given 
value T] G (0, 1]. In the setting of a finite dislocation measure they apply Corollary 3.3 of [NerSl] 
to prove ^^-convergenc of this discounted energy functional as the value rj tends to zero. They 
further remark that Theorem 5.4 of [NerSl] can be used to obtain almost sure convergence under an 
appropriate additional assumption on the dislocation. However, the more interesting case is that 
of an infinite dislocation measure and in this spirit the main part of [BM05] deals with an exten- 
sion of the Jf ^-convergence result to fragmentation processes with an infinite dislocation measure. 
Using some discretisation arguments Bertoin and Martinez manage to prove ^^-convergence, cf. 
Theorem 2 in [BM05], under the additional assumption that a parameter that appears in the the- 
orem is greater than p. In addition they prove ^^-convergence, cf. Theorem 3 in [BM05], without 
that requirement on the parameter and without using a discretisation method but assuming that 
the fragmentation process is conservative. Here we prove almost sure convergence for the same 
functional as in [BM05], neither being restricted to parameters above p nor being restricted to the 
conservative setting. For this purpose, consider a measurable random function ip : V x il. —^ M 
that is independent of H. In [BM05] Bertoin and Martinez interpret such a function as the cost 
function that measures the cost of the energy that is used in an instantaneous dislocation. Having 
this function at hand, let us define for any p < p* a random function £p : {0, 1] x Q ^ M. hy 

Spiv) = El{|n«u,)(i.-)l>r?}|n.(to(*-)l'"'''^(^(*'.)) 



for every rj € (0, 1]. In the context of [BM05] this function represents the total energy that is used 
in the process of crushing some block of unit size to blocks of sizes less than r]. For a more precise 
description of this interpretation we refer to the explanations provided in [BM05]. Note that the 
process stops when all blocks are of size less than r], since a block that is less than r] "falls through 
a sieve" and does not fragment further. 

For comparison let us state the result by Bertoin and Martinez that we aim at extending in par- 
ticular to almost sure convergence. 

Proposition 2 (Theorem 2 of [BM05]) Assume that IT is homogenous and letp G (p, p*)- Fur- 
ther, let f : S ^ M. be a measurable function, with (^((1,0, ...))= 0, that satisfies 

\(p{s)\u{ds) < oo. (5) 

s 

Then 



{p* — p)^'{p*) Jg 
m^i(P) asrjiO. 

The following strong law of large numbers extends Proposition 2. 

Theorem 3 Assume that 



/ E(V'(7r))/x(d7r) < oo (6) 

Jv 



and let p < p* . Then 

F-a.s. and in ^^(P) asrjiO. 

By considering the special case that ip is only concerned with the asymptotic frequencies of vr € 7^, 
i.e. tp depends on vr only via the sizes of its blocks, it follows from equation (3) of [HKKIO] that 
the assumption (6) in Theorem 3 does in particular cover (5) of Proposition 2. 

As we will see in the proof of Theorem 3, the left-hand side of (7) can be considered as the process 
counted with a particular random characteristic. 

Theorem 3 leads to the following result regarding the asymptotic behaviour of an empirical measure 
associated with the stopping line that determines the stopped process (Aj,)^g(o,i]- I^ t^is regard we 
also refer to Theorem 1 in [HKKIO] as well as Corollary 2 in [BM05]. For related considerations in 
the context of fragmentation chains, see Corollary 1 in [BM05] and Theorem 3.1 in [HKll]. 

Theorem 4 Let f be a random measurable 'R-valued junction on [0, 1] which is independent of H 
and satisfies 

sup f{x) G^^(P). (8) 

xG[0,l] 



Then 



EA;,r/(^)-tf^I/(/N)(Xi:^K<.4-V(-))f (») 



"-a.s. in^^{F) as r] 10. 



Note that 



t^ \ V J J(0,1) 



is the empirical mean of / with respect to the empirical measure 

fceN '' 

where 6x denotes the Dirac measure on x G (0, 1). Further, observe that 



fcGN ^ ' ^ JGX 



where / is a bounded and measurable R^-valued function on [0, 1] and the c/)^^' are independent 
copies of the random characteristic (j) given by 






fcG 

for every x G Mq and it £ V. Consequently, Theorem 4 fits into the general framework of the 
present paper. Moreover, as pointed out in [BM05], Theorem 4 is also related to the fragmentation 
energy model as it corresponds to the potential energy, where the cost function -0 is given by 
^('^) — SieN l^jl^"''^ ~ ^ f°^ some p < 1 and all vr € "P. This will be explained in the proof of 
Theorem 4. 

Proof of Theorem 3 The idea is to consider an appropriate random characteristic and to apply 
Theorem 1. For the time being, assume that a = 0, i.e. 11 is homogenous. Consider the random 
characteristic (p given by 

0(rE,7r)=l{,e(o,i]}X-(i+P)V'(vr) (10) 

for all X G M.^ and tt € 7-". Then we have 

= r/^*""^p(^) 
for every i] € (0, 1], where the 4)^^' are independent copies of (f). Hence, since 

/ E ( sup r/^+P(^ (??, vr) ) /x(d7r) = /" E ( sup 7?^"^^' (tt) ) /i(d^) < / E(V'(vr))^(d^) < oo 
Jv \»;G{0,1] / Jv \»?G{0,1] / Jv 

for every p € (p,p*), the characteristic (p given by (10) satisfies (4) and thus we deduce from (11) 
and Theorem 1 that 

lim (r?P*~P£:p(r?)) = lim (r?^+P*Z^ 



nio \' '-- ■' J r/4.0 ^ ' '' 



^/ E(5^|n,(t)|i+^* / / p^V(p,^)dp/.(d^) 
?'(P*) 7(0,1) V^ ^^ -^(O'li 



^{P ) J{0,1) Jio,i] Jv 

AoiP*) 



^'{p*){p* -p) Jj,^^ ^^^ ' 

P-a.s. and in ^^(P), where in the final equahty we have used that Af (p*) is a unit-mean martingale. 

The extension to the self-similar case with a ^ follows analogously to Part IV of the proof of 
Theorem 1. D 

The proof of Theorem 4 is based on Theorem 3 with a particular choice of ip. 

Proof of Theorem 4 Our approach follows the lines of the argument outlined on page 569 of 
[BM05]. We aim at showing the asserted convergence for the case that the function / is a certain 
kind of random power function and then some approximation arguments can be used to obtain the 
results for the case that / satisfies the conditions of Theorem 4. 

Consider first a random function f : (0, 1) x (7 — )■ (1, oo) such that 

holds P-a.s. for some random p : — > {p,p*), which is independent of 11, and all x € (0, 1). Note 
that 






where the cost function ip, that appears in the definition of £p, is given by ^(vr) = X^^eN Kil^"'''' ~ ^ 
for every vr G T'. Observe that p > p implies that ?/^ satisfies (6) and as a consequence of Theorem 3 
we thus obtain that 



Ar?,/ 









exists P-a.s. and in ^^(P). Therefore, since p — p* > —1, and hence f is P-a.s. Lebesgue integrable, 
it follows from Lemma 3.4 of [Knoll] that 

|:>irf(^)-|f}/„,/(«"))(X|:.K<..4-v,a,)^ a^) 

P-a.s. and in _Sf ^(P) as ry 4- 0. Below we shall first prove the almost sure convergence and eventually 
deduce from this by means of the DCT the ^^-convergence. However, notice that in order to infer 
the above almost sure convergence we used having .if ^-convergence in Theorem 3. 

10 



Note that the martingale property of A(p*) imphes that Xl^gp^A^^ / (-^) -^ cAq{p*) P-a.s. as 

ry4-if/ = c€Mis constant. Consequently, we deduce from (12) and an approximation of / in the 
light of the Stone- Weierstral3 theorem that the convergence in (9) holds P-a.s. for each random, 
independent of H, continuous function / with compact support [a,b] C (0,1) that satisfies (8). 
Indeed, for any such function / let {gk)kef>i be a sequence of functions ^^ : [0, 1] x ri ^> M for which 
the convergence in (9) holds P-a.s. and such that 5fc — s- / uniformly on [a, b] P-a.s. as k ^^ oo. For 
any e > there does then exist a fc^ : ^' N such that 

E ^;r'« C-f) - ^A,(p*) < E ^;rv (^) ^ e ^;r'» (^) + ^a,(p-) 

fceN ^ ' ^ ken ^ ' ' fceN ^ ' ' 

P-a.s. for all k > k^. Letting first r/ J, and then e J, results in 

lisE>r//(^)-^-t,-(»("))(XE;K<.,4-v,a. 

'^°<^' ' E(/M)| / Eli..<..)4^''''(d« 



$'(p*) 



(0,1) 





P-a.s., where in view of (8) the final equality follows from the DCT. Resorting to the arguments 
in Part II of the proof of Theorem 3.2 in [Knoll] we then conclude that the convergence in (9) 
holds P-a.s. even for every random bounded and measurable function / : [0, 1] x $7 — >• M that is 
independent of 11 and satisfies (8). 

Since by means of Proposition 3.5 in [Knoll] (cf. also Theorem 2 in [Ber03] for the conservative 
case) we have sup^g^^i] A^(p*) e ^^(P), it follows that 

s^p {Y.K''''f(—)) ^ ^"p /(^) ^^p \ip*)<^-^'m 

vmn VfcGN ' V ^ / y xe[o,i] r,G[o,i] 

and in view of the above shown almost sure convergence we thus deduce from the DCT that the 
convergence in (9) also holds in Jf-'^(P). D 

5 Proof of Theorem 1 

This section is devoted to the proof of our main result. We first establish some auxiliary results to 
which we shall then resort in the proof of Theorem 1 . 

Throughout this section, unless otherwise stated, assume that 11 is homogenous. We will first prove 
the result in the homogenous case and then extend it to the general self-similar setting. Moreover, 
we assume that (p is nonnegative as the generalisation to an M-valued (j) is easily obtained by 
considering the positive and negative parts of (j) separately and adding the two parts together. 

In order to state the first auxiliary result we need to introduce some notation. To this end, for 
every a > let X^"' be given by 

X(") :={iel:tie {na)neN} ■ 

In addition, set 

J,('^):={zGX('^):|n.(,^)(tHI>^} 
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as well as 



r^"^) := card ( j:^(") 



for each a > and 7] € (0, 1]. Further, adopt 

Trj^p := card ({/c G N : A^,fc > w}) 

for any r], p £ (0, 1]. 

The following result is crucial for our further considerations. 

Proposition 5 Let a > 0. Then we have 

sup (?/+*'* Tf)) G^^(P). (13) 

Proof The proof is divided into three parts. In the first part we show that 

Iimsupf7?^+P*r('^)) e^\F) 

and in the second part we prove that 

for every finite and nonnegative random variable C,. In the third part we combine these two 
conclusions in order to deduce that (13) holds. 

Part I Throughout this proof we shall consider the random M^-valued function ^^ on (0, 1), given 

by 

km 

for every p G (0, 1). First, observe that by means of (1) and Proposition 2 in Section 0.5 of [Ber96] 
we have 

limE 



< hm (-^F (Up) > 2) + -^F (Up) = i) + -p (Up) = o) 

pio yz + e i + e e 

lim ( 1 ^(^2 > p) 1 lyjsi £ [p,l - p],S2 < p) 1 _ fisi < p) 



piO \2 + e u{si <l — p) 1 + e v{si < 1 — p) e u{si < 1 - p) 

1 
p4.o ' "■ ' 1 + e p4.o 
1 



• lim P(e„ <a)^ lim Fie^ > a) 

pio ^ 1 + e plo ^ 



< 



2 + e 
1 

1~' 



where the random variable ep is exponentially distributed with parameter z^(s £ S : si < 1 — p). 
Moreover, 

limEiUp)) > lim f2-^^i£^^ + H^i ^ JP^ - P]^^2 < p) \ ^ 
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In the light of the above estimates, for the remainder of this proof we fix some /> S (0,1) such that 

(14) 



E((M) > 1 a,.d E I ^-j^) < ^ 



hold for every e > 0. 
Observe that 



,U) 



T,,p> Y. ^i'\p)-Ti 



a) 



J&Jv 



(a) 



P-a.s., where the Q are independent copies of ^a- By means of Kolmogorov's strong law of large 
numbers this estimate results in 



liminf%>E(ea(p))-l>0 



(15) 



P-a.s. on {Trj"" — )■ oo as ?/ J, 0}, where the positivity holds in view of (14). In the light of the 
estimate T^i^p < (?7p)~(^"*"*'*^A^(p*) P-a.s., we thus infer that 



limsupU^P'T,fn < liminf(r?i+P*r,J(E(^,(p))-l)-l 
< p-(l+P*) (E(ea(p)) - i)-Uo(p*) 



(16) 



P-almost surely. 

Part II For the remainder of this proof fix some e > 0. Further, throughout this second part of the 
proof let C : ^ — ^ (0, 1] be some finite and nonnegative random variable. Along the lines leading to 
(16) we obtain that 



p-(i+P*)A^(/) > c^+^* Yl ^a\p) - C'+^*T^^"^ 



jG^c' 



(a) 



c'^'' E te^(p) + ^)-(i + ^)c^^"*^c^'^^ 



iGj, 



(a) 



(17) 



P-almost surely. Let q S [V2; 1) and let p := i/{q-i) € [—1,0) be its conjugate, that is to say 
p~^ + g~^ = 1. Then we infer that 



/ 



E 






iGN 



> 



Ee 



JGN 



H.jt^}^'""' 



^ i\ V. 



E 



d'\p) + e 



p\ Vp 



> E iiUp) + ^F)^/^ E ^ {hejt^}^'^'') ^ {hejt^}^'^'*) '" 



(18) 
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>E([c,(p)+6nv- 






jgN 



E^ihejt^}^ 



i+P* 



E([^a(p)+en'/^IEfc'+^*r('^^ 



Notice that in the first equality of (18) we used the MCT, in the subsequent step we resorted to 
the reverse Holder inequality (see [HLP34]) and the last lower estimate is a consequence of Jensen's 
inequality. Let us mention that in view of p < we use the e in order to avoid having "0^" . 

Observe that according to (14) and in the light of ^a{p) ^ P~^ we have 



E((ea(p) + e)"') '-(l + e)e(0,oo). 



(19) 



It follows from Proposition 3.5 in [Knoll] (cf. also Theorem 2 in [Ber03] for the conservative case) 
that sup^g(o,i] ^v(P*) ^ ^^(IP) and thus we infer from (17) and (18) that 



^-(i+p*)]E sup A^(p*) > E (p-^^+P'^A^{p* 

V'7G(0,l] / ^ 



> E (^C^+P'T^-^^ (e ((ea(p) + ey'Y' - (1 + 6)) 



which by means of (19) results in 



jg /^i+p* (a)\ ^ ^_(H.p*)jg ^^p ^^^^^.A U({Up) + e)-' 



,ryG(0,l] 



1 + e) < oo. (20) 



Part III Let 6 > and in view of (16) let Cs be a (0, l]-valued random variable such that 

77e(o,i] ^ ^ 



on the event {sup^g(o,i](^^^^*^'? ) t^ li™sup^_^o('?^^^*^r; )}• Then, by means of (16) and (20), 
we obtain 

e( sup U+P'TJ.^A] 
V'?e(o,i] ^ ^ J 

< E Tlimsup (ryi+P'T^'^))') + E [cl^''*T^f + s) 
<p-(i+P*)(E(ea(p))-l)-i+p-(i+P')EUup A,(/)j (E[{Up) + e)-'y'-{l + e)^ 



< oo, 



which shows that (13) holds and thus completes the proof. 



+ 6 



D 
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Let us continue with establishing some auxihary results. 

Lemma 6 Let (p be a random characteristic satisfying (3). Then the limit \\m^\^Q'K{ri^~^P Z^) exists 
and satisfies 



^'(p*) 7(0,1) V^ JvJm 



limE (v'^P*Z^j = ^^^^ I E ( ^ |n,(.)r+P^ /_ / />(p,^) dpf^idn) ] ds. 

Proof Consider a function g : M.q — >■ M.Q defined by 

5(t):=E(e-(i+P*)*Z^^_,) 
for each t £ M.Q . Then we have 



git) = e-(i+^*)*E f2:i|,<i}<A« (e-(*+'°(l"'='*«)(*-)l»,vr(t.)) +E f j;zJU,„^,, 

VieX VfcGN 



^1 



g-(i+P*)t^ 



+ E 5^|n,(i)|i+p*9(t + in(|n,(i)|)) , 

VfcGN / 

where the i;^^*^ are independent copies of ip and, given ^i, the Z*^' are independent copies of Z*^. 
That is, g satisfies the renewal equation 

9{t) = f{t) + {g*Qm (21) 

for every t € M^, where / : Mq" ^ M(j' is given by 

for any t € M(j" and the measure g is defined by 



Qidx) = E j; |nfc(l)|^+^*l|_in(in,(i)l)Gdx} 
VfceN / 



for every x G MJ". Note that 

for all a > 1 and t E M"*", ?/ := e~* and any p G (r/, 1), where the (tij)jgj(j) and </>(*'■') are independent 
copies of (ti)jgj and (^ respectively. Therefore, we infer from the upcoming argument in (27) that 
there exists some p S {p,p*) such that 

fit) = O (e^(P*"P)*) (23) 
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as i — )> oo, where / is given by (22) and O is the Bachmann-Landau notation. Moreover, the 
compensation formula for Poisson point processes, in conjunction with Tonehi's theorem, imphes 
that 

sup /(t)< sup e(^1|,^<i| sup (e-(l+P*)'^,^«(e-^^(t,))) I 
te[o,to) te[o,to) Viei *^[°'*) / 

< e^*o / E ( sup (e-(^+P*+'^)> (e-",7r)) ) ^(dvr) (24) 

< CO 

for all /3 > and Iq G Mq", where the finiteness is a consequence of (3). Hence, since t i— > e~'^ ~^^* is 
directly Riemann integrable, we deduce from (23) and (24) that the function / is directly Riemann 
integrable, see Lemma 3.4.1 in [Asm03]. 

Observe that the compensation formula and Tonelli's theorem yield that 
fit)dt 

e( f j t e-(i+P*)V (e~'^^+'--(\^Hs)i^)\))^T,\ dt^(d7r)ds J 



= f e(y1 |nfc(^)r+^* / [^ e-(i+P*)(*+^-(|n^(^)l))0 (e-(*+^-(|n^(^)l)),7r) dt//(d^)^ ds 

= / e( V|nfc(s)|i+P* / / e-(^+P*)Xe-",7r)du^(d7r) )ds 
^(0,1) VfceN ''t'M J 

In order to complete the proof recall that under P the process (— ln(|ni(t)|))jgjg+, is a subordinator 
with Laplace exponent ^ and consider the change of measure 



dp(p*) 



dP 



= |ni(t)r. 



Let E'*'*' denote the expectation under P'*'*). Below we resort to the following many-to-one identity 
for fragmentations (see Lemma 2 in [HKKIO]): 

E \y^ |n,(t)r+^7(|nfc(t)|) ] = e(p*) (/(|n,(i)|)) (25) 

for every measurable / : [0,1] — t- Mq and t € Mq. Since under the measure P'^ ' the process 
(— ln(|ni(t)|))^ jg+ is a subordinator with Laplace exponent $p*(A) = <1>(A +p*), thus resulting in 
$^,(0+) = $'(p*), we deduce from (25) that 

fxgidx)= / E(x^|nfc(l)|i+P*l{_i„(,n,(i)|)edx}) 
= E ( \Ui{l)f J^^ xl|_ in(|ni(i)|)gdx} j 
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= E(^*)(-ln(|ni(l)|)) 
= $'(/). 

In the light of (21) and the direct Riemann integrabihty of / it follows from Smith's Key Renewal 
Theorem (cf. Theorem A4.3 in [EKM97]) that 



lim E (e-^^+P*^'zt 

t—>-oo 



4+ xQ{dx) 



^ i,, - (E in^WI- I 4 e-<--> (e-,,) d„Md.)) d. 



and consequently 



limE U^^*Z^) = -i- [ e(y1 In.(^)r+^* / / P^+^V(p,vr) ^/.(dvr)^ d.. 
^10 \ 'J ^'(P*) 7(0,1) \f^ 7^7(0,1] P J 

For further information regarding renewal theory and direct Riemann integrabihty we also refer to 
Section 3.10 in [Res92]. D 

For the remainder of this paper fix some i > 1 and for every random characteristic (j) set 

(/)t,^,s(x,7r) := (/)(x,7r)l|^>^,(,,-i)| as weh as 4>i,'n '■= ^^,v^ (^6) 

for all s > 1, X € [0, 1] and tt eV. 

In the proof of Theorem 1 we shall make use of the following result: 

Proposition 7 Let (j) he a random characteristic satisfying (3). Then we have 

lim pkH^+P*) z'^;^f' = Ao(p*)limEf77i+P*Z^'i 

P-a.s. for all p € (0, 1) and 5 > 0. 

We are now in a position to reap the fruits of our work and to prove the main result of this paper, 
resorting to Proposition 7 whose proof will be provided in Section 6. 

Proof of Theorem 1 Let a > and let p G {p,p*) be given by (3). The proof is divided into 
four parts. In the first part of this proof we prove that the asserted almost sure convergence holds 
along In-lattice times and in the second part the almost sure convergence along the real numbers 
in shown. Subsequently, in the third part we prove the ^^-convergence. In these first three parts 
we wok under the assumption that 11 is homogenous. Finally, in the fourth part we show that 
we can drop this homogeneity assumption and consequently obtain the desired almost sure and 
^^-convergence for 11 being self-similar. 

Part I We start by proving the desired result along In-lattice times. To this end, set 

Ar:= sup / r?^+PE((/)(r?,7r))/x(d7r) 
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for any r G M^ and observe that by means of the compensation formula for Poisson point processes 
we have 



K'iip) ■■= ^ (EMu<a}tm^,,^ 



)iU~)\>p--''}^ 



iel 



Uj\^K{u){ti-)\ 



,7r(ii) 



(0,a) 



H'""-'"-"^''-'' i n^ijfrw^' 'r '"' 



Uj = \U{K(tj))itj-)\ 

ds 



Uj=\U(K(tj))itj~)\ 



E 



^^ [Hn^,^^(t-)i>pr-.} ^ ^^^^^ 



p 



IT 



Vt = \U{N.{t)){t~)\ 



/i(d7r)ds 



«j=|n(K(ti))fe-)| 



(O.a) 

for all j, A; G N, r G R+ and p G (0, 1). Hence, we deduce from the fragmentation property that 

/ 



E f n-(l+P*) 



ZjpLT — ZjpLT 



E 



E Y. Hu.,<aW-''^'' 



)^(^J) 






|nK(t,,,)(*ij-)l 



'^(*i,i) 



r-l 



A:=0 



r-l 



fc=0 



f.rl 

y^ r,'^(P*-p) 

n=[(t-l)r+lj 



< aAE sup (u^+P'r^'^) 
\«e(o,i] ^ 



holds for every r G M+, where the (tij)jgi(j) and (/>(*'•') are independent copies of (ti)i^x and 
respectively. Hence, we infer that 



E ( p'Ki+p*) 



r7(p ryVl.,p' 



< aA,p-(i+P*)E ( sup fni+P*r,(«)^ 1 ^ 



,«6(0,1] 



(t-l)(p*-p)r 



1 - pP -P 



(27) 



for all r G M"*" . For any 5, e > let n^ ^ S N be such that 



sup / ??^+% (0 (7/, vr)) Ai(d7r) < limsup / 7/^+% (0 (?/, vr)) ixidii) + e 

r;G{0,p('-i)'5"] JV 77-1-0 Jp 

holds for all n > n^,,. Resorting to the Chebyshev-Markov inequality we thus deduce in view of 
(27) that 



E^ip' 



t.5n{l+p*) 



^ pihn ^ piSn 



> £ 



n=nd,e 
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^ oo 



r74> r^'^i.p''" 

Z/ ,r„ — Z; 



n=ns. 



'^ n=ns. 



< -p-(i+P*)E sup lu 
£ \«e(o,i] ^ 

< lp-(i+P*)E ( sup (u 

•a (limsup / ??^+PE((^(7?,^))Af(d7r) + e) V p^'"^ 



){p*-p)Sn 



1+P*rp{a) 



I- pP 



){p*—p)5n 



< OO 



for all S,€,e > 0, where the finiteness follows from (3), Proposition 5 and the fact that the geometric 
series "^neN P ^^ finite. Therefore, the Borel-Cantelli lemma yields that 



lim fp' 

n— ^oo \ 



Snil+p*) 



L.p^" 



yip _ y 







P-a.s. for every 5 > 0. Consequently, by means of Lemma 6 and Proposition 7 we infer that 

Ao(p*) 



lim p^5^-(i+P*)z 

fc— ^-oo 



p"5fe (J), 






ds 



< lim fp^^'=(i+P*) 







<!^,.„« 



7<f 7 i,p' 



+ 



lim p''5^(i+P*)zV^ - Ao(p*)limE(r?^+P*Z;f 



(28) 



holds P-a.s. for all 5 > and p € (0, 1). 

Part II Let us now extend the convergence along In-lattice sequences in (28) to convergence along 
the positive real numbers. To this end, fix some p G (0, 1) and define </), as well as 4>i, by 

(r/,7r) = inf (\){r]p^,'K) and ^g{ri,TT)= sup 0(?7p~",7r) 

for any r] € (0, 1] and vr € "P. Notice that (p satisfying (3) implies that also (JK and (ps satisfy (3). 
For the time being, let 5 > and for any r G Mq" let n^ G N be the unique natural number such 
that r G {nj.5, {rir + 1)15). Then we have 



{nr + l)S{l+p*) yls ^ rt''{l+P*)7</' < „nrS(l+p*) y<t>S 

P p{ir + l)« — P ^p'' - P ■^pnr 

for all r G M.^ . According to (28) we have, by Tonelli's theorem. 



(29) 



Inn (p(--^)^(^-^*)z5t.,.) = ^ / E E In.^(«)l^"^* / / />. (/>' -) dpMd.) d. 

(0,1) V''^^ P (0,1] / 



as well as 



lim ( pr^rSil+p') z^^ 



t— >oo 



fl/E(g,n.,„-// 

(0,1) V^^*^ r (0,1] 



Ao(p* 



//*05(p,7r)dp^(d7r) ds. 
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Moreover, since (j) has P-a.s. cadlag paths, we infer that (j) is continuous Lebesgue-almost every- 
where. Hence, for each ir & V the map 

is P-a.s. continuous at Lebesgue-almost every i] G (0, 1). Resorting to the DCT, we thus infer that 
hm / E(^|n,(s)|i+P* / / pP'^{p,7r)dpf,{d7r)]ds 

= [ E(j]jnfe(s)|i+P* / / />(p,7r)dpMd7r)|ds 
J (0,1) \t^ Jr J {0,1] J 

= lim/ e( V|nfc(s)|i+P* / / pP*^s{p,^)dpfi{d7r)]ds. 

Consequently, by means of (29) we conclude that 
limsup (r?i+P*Z^) = limsup (p'^^^+^'^Z^ 






'-^ f Efy|n,(.)|i+^* / / 



^,,_, , _,/^,_,.,, , , pP <P{p,7r)dpfi{d7T)]ds (30) 



holds P- almost surely. 

Part III Recall that in Lemma 6 we showed that 

]irnE U+P* Z^) = -j— f E(5]|n,(.)|i+P* / / />(/,, vr) dMdvr)) d.. 
ViO \ V $'(p*) 7(0,1) \f^ JvJ{o,i] J 

In view of E(Ao(p*)) = 1 and the almost sure convergence shown in (30) the corresponding conver- 
gence in ^^(P) thus follows from Lemma 21.6 in [BauOl]. 

Part IV So far we assumed that the fragmentation process 11 is homogenous, i.e. a = 0. It remains 
to prove the assertion for self-similar fragmentation processes with index a ^ 0. To this end, recall 
the process (A^)^g(o,i] ^^d for any r] £ (0, 1] and A; G N let a^j^k be the time of creation of A^,fc. 
That is to say, A^_fc corresponds to a unique block Ilm{T],k){^rj,t') ^^^ satisfies A^,fc = \Ilm{r),k){(^'n,k)\- 
Furthermore, for any partition vr € P let 7r+ := ('7r^)nGN) given by 

+ ._ J "^w' l"^"! > ^ 
""" ■" [0, K\ = 

for every n E N, denote the subcollection of blocks with positive asymptotic frequency. Observe 
that 

^.^ = EE^^^''^(^'-M (31) 

holds for all r] € (0, 1], where the ^^P'^i are independent copies of ^ and where 
7^:= {pe (0,1] : 3(ti,m) G M([ x N such that |n^(u)| = p] 
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as well as 



ICp:= <keN 



\'^m(p,k){(^P,k-)\ = P, mill I [J 7r+(ap,fc) n n^(p^fc)(<Tp,fc-) j € n^(p^fc)(crp,fc) 

VnGN / 



Note that 11 having countably many jumps results in 7^ being countably infinite. Moreover, notice 
that the representation of Z^^ in (31) does not at all depend on the time parameter of IT. Indeed, 
all that is needed for the definition of Zfj in (31) are the sizes which the blocks of 11 attain, but not 
the jump times of 11. Since, according to Theorem 3 (i) of [Ber02], any self-similar fragmentation 
process is a time-changed homogenous fragmentation process, the self-similar case follows from the 
homogenous case that we proved in Parts II and III above. Hence, the proof of Theorem 1 is 
complete. D 

6 Proof of Proposition 7 

The present section is devoted to the proof of Proposition 7. Throughout this section assume that 
n is homogenous and that (f) is nonnegative. We start with some auxiliary results. 



For each t e Mj" let 



Ai(i):=sup|nfc(t)| 

keN 



be the asymptotic frequency of the largest block at time t. In addition, for every r] € (0, 1] set 

an :=inf {iGR+ : Ai(t) < r/} . 

The following lemma provides us with an almost sure estimate of cr^ by some integrable random 
variable. 

Lemma 8 There exists some random variable a € ^^(P) such that 

o-r, < 0-- (-ln(?7) V 1) 

holds ¥-a.s. for all 7] G (0, 1]. 

Proof Let p € {p*,p) and let r : i7 — ?• M'^ be some P-a.s. stopping time. Further, recall that 

sup Ms{p) > Mr-{p) = e*(P)" J]] |nfc(T-)|i+P > e*(P)"A}+^(r-) 

SGR+ fcgp^ 

P-almost surely. Hence, observe that 

-ln(Ai(r-)) ^^ipl_ l^(^^Psa^^^^(^)) ^^2) 



r l+p t{1+p) 

i'-almost surely. Moreover, let e G (0, *(p)/(i+p)) and notice that 



$(^^ ln[snp^^^+Ms{p)j $(p)_g(i+p) In (^sup^gK+ M,(]5) 



1+p t{1+p) - l+p - t{1+p) 

ln(sup^gjj+M,(p) 

^^ T > ^^ 

$(p) -e{l+p) 
21 



Hence, it follows from (32) that 



r ^ {1+p)t ^ 1 



-ln(Ai(T-)) r$(p)-ln(sup^gig+M,(p)) « 
-a.s. if T > (ln(sup^gjg+ Ms{p))){<^{p) — e(l + p))^^ ■ Consequently, we infer that 

O-r, ^ CTr^ ^ (1+P)(7^ ^ 1 



- ln(77) - ln(Ai(a^-)) ^^$(^) _ ^^ [svi^^^^+ Ms{p) 
-a.s. if Grj > ln(sup^gjg+ Ms(p))($(p) — e(l + p))~^ ■ Otherwise, we have 

In (sup^6M+ ^^(^) 



ari < 



Therefore, we obtain 



P-a.s. for every r] G (0, 1], where 



$(p)-e(l+p) 
(Tr, <^ ■ (-ln(r/) V 1) 



1 ln(sup^gjj+M,(p) 
o- := - V ^ ° 



e ^{p)-e{l+p) 

According to Proposition 3.5 in [Knoll] we have 



In j sup Ms{p) j < sup M,{p) G .if^(P) 



and thus <tG^^(P). D 

Recall that in Lemma 6 we showed that the mapping tj \-^ K{r]^~^P' Z^l) has a limit as r/ J, 0. In 
view of the following lemma we can thus extend it to obtain a continuous function on the compact 
interval [0, 1]. We shall make use of this later on. 

Lemma 9 Let (j) be a random characteristic that satisfies (3). Then the map r] \-^ K{r]^'^'P* Zfl) is 
continuous on (0,1]. 

Proof For any A; G N let Bk{t) denote the block at time t G M^ that contains the element 
k and note that Bi{t) = Iii{t). By exchangeability we then infer from {—\n{Bi{t)))^^.^+ being 
a subordinator that also {—\D.{Bj,{t)))^^+ is a subordinator for each /c G N. In addition, note 
that (/)(•, vr), vr G P, being cadlag implies that </>(-, vr) has at most countably many discontinuities. 
Therefore, it follows from the proposition in [Mil95] (alternatively, see [IIW42], where that result 
was first proven) that for any /c G N, i G M"*" the distribution of \Bk{t)\ has no atoms in [0,1]. 
Hence, for every r^G (0,1), ttGP, /cGN and t G M^ the following holds: 

77 

The function </>(-, vr) is P-a.s. continuous at . (33) 
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Observe that the compensation formula for Poisson point processes yields that 






-P MV 



^K{U)iU-)\ 



^(t,) -(7? + /i)^+pV« 



rj + h 



\^K{ti){U 



n^^iU] 



< E 



■0 " ' fceN 






/i(d7r)dt 



% •' '- fcgN 



^ ^ ^ ( ^+h 



|nfe(t)| 



+ E 



(4XS'(ra'^) 



7?^+^* - (r? + /i)^+*'* ^i(d7r)dt 



(34) 



Fix some rj £ (0, 1) and do G (0,77 A (1 — r/)). Fm'ther, let a > 0. Since (/)(p, vr) = for any /) > 1 
and vr € "P, we deduce in view of (3) and Lemma 8 that 



E 



< 2E 



•'^fcGN 



^ 77- "- sup 



.1+P* 



/ig{-(5,<5) 
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|nfe(t)| 



,vr 



rj + h 

\mt)\ 



,vr 



/i(d7r)dt 



/. . / y]^{|nfc(t)l>'7-5} sup (p^+P>(p,7r))^i(d7r)dt 



<2(7?-5)-(i+«E(a^„5)E / sup (p(i+P*+^)</.(p,7r))/.(d^) 



(35) 



< 00 



holds for all 6 £ {0,6o). Thus, by means of (33) and Tonelli's theorem, we can apply the DOT to 
infer that 



limE 



VK-J-PkeN 
I / y E f r/i+P* lim 

-'Kg ■J P k^^ \ 
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nfc(t)|' 
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IT 



rj + h 
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\Bk{t)\ 



,vr 



/ r] + h 



^(d7r)dt 

l{fc=min(Bfc(t))} I A^(d7r)dt 



(36) 



Moreover, by means of an argument as in (35) we deduce that 



lim sup E 



-^ ' fceN 
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(37) 
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Consequently, in view of (36) and (37), the estimate in (34) results in 



E [„'*'• Z*) - limE ((, + /.)'+"• Z*+,. 



,i.„E(|: (,'-><-.(_ 



V _/. nA ,„ , ,xi+p*^m f v + h 



,<U) - (7? + /i)^+PV» ,^ ' ,^ „ ,7r(t,) 



'<.{u){ti-)y J \\^k{u){u-)\' 

= 0, 
which completes the proof. D 

Lemma 10 Let cp be such that (3) holds. Then we have 

lim {iT^+P*+^zi) = 

P-a.s. for all /3 > 0. 

Proof Let a, /3 > and p € (0, 1). Further, set 

Kp--=Y.Hu<a} sup (r/i+^*+V^)(r?,vr(t,))), 

where the (/)'*^ are independent copies of (f). Note that 

E (^^^Z?) < ^- (38) 

Indeed, recall that (f) and 11 are independent. Hence, the compensation formula for Poisson point 
processes and Tonelli's theorem yield that 



^\Y.Hu<a} sup (r?i+P*+^(/<»(ry,7r(t,)) 



a / E sup (??i+P*+'^</.(r/,7r)) ^(dvr) 



< oo, 

where the (f)^"^' are independent copies of ((), which proves that (38) holds. 

Moreover, observe that according to Proposition 5 and (15) we have T " < oo P-a.s. for ever 
A; G No and 

lim inf — 1-^-^ > lim inf ^ . . '^ > 

-^ 1- — 1 -*■ I- ^ 1 



respectively. Hence, since 



card(j-jf \41)=r(:)-r|,l, 



we thus infer from (38) and a strong law of large number as in Proposition 4.1 of [NerSl] that 
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E(yf,) (39) 



P-a.s. as k ^ cx), where the Y^g are independent copies of Y^g. Furthermore, by means of the 
fragmentation property we have that 



P 



«(l+p*+2/3) 



<^= E EMt.^^}p''''''''''^''^w 






K(i,,j)VHJ-J| 

E E Ei{*..-}/''^^"^*"''^^^^'^'^'^ — ^ 



'==ij-eJj,?\y:L/^^^ 



nK(i«.,)(*ij-)l 



, 7r(ij,j) 



«e(o,i] 



<p-(i+P*+/3) sup (ni+P*ri'^) p'/3^p'= 






fc=l 



-,(«) _ rp{a) 



for all / G N. Consequently, resorting to (39) as well as Proposition 5 and bearing in mind the 
convergence of the geometric series "^^fk&i P^^ ^ ^^^ ^^ deduce that 



p'(l+P*+2«Z^*, ^ Q 



P-a.s. as I -^ (X), which completes the proof. D 

Recall the definition of i in (26). By means of the extended fragmentation property we obtain that 



fcGN 



«fc = 



(40) 



^ri.k 



holds P-a.s. for any s > 1 and t € M^J", where the Z'*'' are independent copies of Z'*' . Furthermore, 
for any rj € (0, 1] and s > 1 set 

Jr^^s := {A; G N : A^,fc > r]'} as well as jj_^ := {/c G N : A^^,fe < r?^} 

Our approach, which is inspired by the proof of Theorem 1 in [HKKIO], to prove Proposition 7 
is to show that asymptotically, as r/ J, 0, the conditional expectation E,{r]^''^^~^P*'Zj'sl^'''\J^), for 

s G (1, oo) sufficiently large, is a good approximation for both n~ Z _ll^^ and Moo(p*)E(r/^"'"P ■^rf )■ 
For this purpose we shall need the following lemma: 

Lemma 11 Let (j) he such that (3) holds. Then there exists some sq G (l,oo) such that 

limEfry^'^i+P'^zJ';"" 



7,10 



^ = Ao{p*) hm E n^+P* Z^ 

J u\.0 \ 



-a.s. for all s > sq. 



Proof For any t G M^ and s G (l,oo) we infer from (40), in conjunction with the MCT for 
conditional expectations, that 



E ( Ty^'^i+P'^Z^ir'-' 






(41) 






^^ + E Kr^H^'^^t 



"■'^ keJl, 



«fc= 
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holds P-almost surely. 

Since, according to Lemma 6 and Lemma 9 we have sup^^/Q i-\E{u^^p* Zu) < oo, it follows from 
Lemma 3 of [HKKIO] that there exists some s* G (1, oo) such that 

It ^ ^J?* ^ (%^'*<.) I .^^ ^ -P ^ {^'"-"'^i) It ^ ^vT = (42) 

vio ^-^ '' V ''/ Mfc=x-T ite(o 11 ^ ^ ''^o ^ '' 



P-a.s. for all s > s*. Let us now consider the first summand on the right-hand side of (41). We 
aim at showing that there exists some s** € (1, oo) such that 



n^fc 11/77,5 



«fc = 



»?■*: 



Ao(/)limEUi+P*Z,f 



(43) 



holds F-a.s. for every s > s** as r^ J, 0. 

For the time being, fix some s € (1, 00). Further, note that Lemma 6 together with Lemma 9 yields 
that the maps go : [0,1] ^ M.'^ and (7^ : [0, 1] — )• M.q , given by 



5o(0) = limEUi+P*Z; 



and c/„ = limE p^+P'Zj''"-' 
pio V 



as well as 



<7o (u) = E (u^+P* Zt) and <?,,(«)=£ (n^+P* Z^'"'^ 

are continuous for all 77 G (0, 1] and u S (0, 1]. Moreover, since 



Vr?,n G (0, 1], V7 < ??n-^(-^) : ,/.,,,,, (^) = (^ 



we deduce that 



Vug (0,1], Vr?<'u-('-i),V7r gP,V A: gN: (/),„, (^ ] = </> ( ^ 

' ' VFfcl/ VFfcl 

Therefore, for every u G [0, 1] we have that gr^{u) — )■ fi'o(w) as r? J, 0. Consequently, since for each 
u G [0, 1] the mapping i] 1— )■ grj{u) is nonincr easing, we obtain by resorting to Dini's theorem that 



9t,{u) ^ go{u) 



uniformly in n G (0, 1] as 77 J, 0, i.e. 



sup 

«G{0,1] 



^+P*E ( Zf'"'^ - zt 



as 7/ 4 0. Hence, 



limEf^+P'zt'"- 



«fe = 



i,fc 



limE(4+P*Zt 
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TJ,fc 



< lim sup 
= 



^+P*E (Z^^'"'^ - Z^ 



(44) 
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-a.s. for all r] € (0, 1], k G JT^^^ and s € (l,oo). Furthermore, since 

1_ < ^^(^-1) 



*77,fc 



holds for all 7] € (0, 1], k £ J'^j^s and s G (1, oo), we have 



E(4+^*< 



«fc= 






limEU^+P'zf 
u4,o 



uniformly in A; G J^jj^s as i] i 0. Thus we deduce from (44) that 



Eiui-'p'ztr 



Uk-- 



^ri.k 



limEU^+P'zf I ^0 



(45) 



uniformly in fc G Jr^^s as r/ ^ 0. Moreover, according to Lemma 3 of [HKKIO] there exists some 
s** G (l,oo) such that 

5!sE*ir=Ao(p-) 



riiO 



fCt J/t^^ . 



holds P-a.s. for all s > s** . In conjunction with (45) this proves (43). 

Consequently, choosing sq := s* V s** the assertion of the lemma follows from (42) and (43). D 

Now we are ready to prove Proposition 7. 

Proof of Proposition 7 The proof is divided into three parts. The first two parts are concerned 
with establishing an ^^-estimate of the difference between the counted process and its conditional 
expectation. In the third part we use this estimate to prove the desired almost sure convergence. 

Part I As in Lemma 1 of [Big92] an application of Fatou's lemma (for conditional expectations) 
results in 



E 



n.eN 



ngN 



2^ 



(46) 



for any sequence {Xn)nen of independent centred random variables. Moreover, according to Jensen's 
inequality we have 

\u + v\^ < 2 {\u\^ + \v\^) (47) 

for all n, t; G M. 

For the time being, let ij G (0, 1] as well as s > 1. By means of (40) we obtain 



^..(l+p*)^^^.,.,.. _]g/ s.(l+p*)^0...,. j^\ 
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■n,k 









^^ I I , 



(48) 
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where conditional on Mi the Z^ ' are independent and satisfy 



p('^W g . 



^J = P(4+^*zt-G. 



"fe= 



(49) 



»7,fc 



P-almost surely. Since E(u^+p*Z^ - E('u^+p*Z^|^)) = for all u € (0,1], we can apply (46) in 
order to deduce from (48) that 



E ( 77^^(1+^*)^^';"'" - E ( ri'^'^^+p'^zt';" 









^ 
^C^ 






tyCrj 
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'^^T] 
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'^^f] 



(50) 









where the Z^ ' are the same random variables given by (49) that appear in (48). Notice that the 
first estimate in (50) results from (46) and (48), and the second estimate holds by means of (47). 
The third estimate is a consequence of Jensen's inequality for conditional expectations. 

Part II For the remainder of the proof fix some s G (1, oo) as well as e € (0, 1) and choose some 
/3 > such that /3 < (1 +p*)(st — 1)~^. Furthermore, for every ?7, p G (0, 1] define 

^p ■— ^p '^{p<p\l 

where in view of Lemma 10 the random variable p : fl — )> (0, 1) is defined such that 



holds P-a.s. for all p < p- Hence, we have 



sup E [pPp'^^ ZJ^'^'M <e"<e. 
pG(0,l] V^ ^ / 

Observing that (50) also holds with Z'^'^''-' instead of Z'^'-'''', and taking expectations on both sides 
of the resulting estimate, we thus obtain 
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(51) 
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< 32r?-'^(-i)6E I Y \i 



p(l+p*) 



where the second inequahty follows from ^^^'A f, > r]^'' for all k € Jn,s and from the obvious fact 
that Zuf^"^'" < ZZf, for each A; G N. Moreover, note that 



since A(p*) is a unit-mean martingale. Consequently, we infer from (51) that 



E ( 7j''^^-^P'^Z^:r-' - E ('?7"^(^+P*)zJl;'''= 






< 32e?/ 



l+p*-/3(s(,-l) 



(52) 



Part III Recall that /3, e and s are fixed as in Part II of this proof. By means of the Chebyshev- 
Markov inequality the estimate in (52) results in 
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< oo 



for every i] € (0, 1) and all (5 > 0. Hence, we infer from the Borel-Cantelli lemma that 
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k—^oo 



'/ ^„kSsL -"^ I '/ ■^„kSsi. 










(53) 



holds P-a.s. for all r^ G (0, 1), 6 > 0. Recall that s G (l,oo) was chosen arbitrarily. In particular, 
we can assume without loss of generality that s > sq, where sq is given by Lemma 11. In view of 
the triangle inequality we thus deduce from Lemma 11 and (53) that 
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(54) 
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^„fc. ) - Ao(p*) limE ( u^+P*Z^'" 







-a.s. for all ?/ G (0, 1) and 5 > 0. Let p G (0, 1). Setting t] := p^'" in (54) we obtain that 

lim p'^^'(i+P*)z'^ 



fc— >oo 



T,4>^pk6 

- pk&i. 



Ao(p*)limE(ni+P*Z^" 



holds P-a.s. for all 5 > 0, which completes the proof of Proposition 7. 
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